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    oriu x _Ot_jhotss£orquci]q un{'ZO^.k x _$mygs9_T o x iq]o s£ori]~i]q uzyCuzmv\O^c_$Zgygs£_O~v9ow¡
jhfl±ri_q]otqC¡¦{#orquv_~n§kwmvfp¤³^.o x jhfluvktqrm x _OuA{#ori]jp_O^._qPmnua^ªi]j°mnfpsZktuvfh±Pi]_Au«©_^.o x \Ojp__Aumª{ot^.s9oru
x i]q _Oquv_^ﬂjp_ x _uz_OsCmO±PikwmvfhotquﬂkwiC| x ~nfp_Auaskw~vmvfh_jhjp_Au_#mªfpjk$jhkû{Okwskr{#fpm x _{Okwjl{#i]jh_~ x _Ou
s~vor]jp\O^._OufpqPmv_O~z¤7kr{#_Au_qPmn~v_ x _Ou^.kwmO~vflkwiC|$s]i]~'u®ktiunuzf]fp_OqF±Pi]_ x _Ous]~vor]jh\^._Ou x _ﬂ^ﬀjlkwqt_Ou
^ªi]jpmvfhs]Zktuvfl±ri_Ou{#or^.s]~v_Auvuvfh]jp_Auﬁ x _iC|ﬂgfpmv_Auvuv_Ou(_mk§r_O{³i]q]_[mnZ]_~n^.o x yPq£kw^.fh±Pi]_[_Oqªq]orqC¡­_O±Pi]fhjpfh]~n_
´ x _i]|.s~v_Auvuvfporq©¨ x _iC|cmv_O^csﬂ~'kmni]~n_OuO¨ x _OiC|.^.kruvuv_OuStorjpi]^.fl±Pi]_OuO¨t_mn{w«h«h« ¶#«dCotq*kts]s]~no§|gfh^kmnfporqªqgiC¡
^ﬀO~vfl±Pi]_®s9oruv_®s]jhiuvfp_Oi]~'u x f°¹{#ij°mﬃOuO«ﬁµ_^.o x \Ojp_s£oPuvuv\ x _ i]qt~'kwq x q]or^ﬂ]~n_ x orq x _Oukt{otiuzmvfl±Pi]_Ou























































Ti]j°mnfpsZktuv_Åo²ukw~n_fhqgtotjht_ x fpq	kZgi]r_®qgi]^ﬂ9_~ow¤µ¤¥i]q x kt^c_OqPmnkwj2kwq x fhq x iuzmv~nfhktj9kts]s]jhfh{Okmnfporqu«
Ti]j°mnfpsZktuv_^.f°|gmvi~v_Au[^.k§yZk§t_auv_t_O~nktjéot~nfprfpq£u«10®uviktjpjhymnZ]_y	kw~n_a{otquv_O±Pi]_Oq{#_Auow¤k.s]Zgyguvfl{kwj
^.fp|Cfpq]s~voC{#_Auvu(ot¤2uv_r_~'kwjPÅi]f x uor~H^kmn_~nfhktjhuO«32iCmHi]q x _~Suvot^._{fp~'{#i]^uzmnktq{#_Au¨mnZ]_yª^k§yﬂ{#or^c_
¤¥~not^ kw~vmvf4£{#flkwj©uv^._Okw~nfhq]ªot¤({otqPmnkr{-m x fluv{otqPmvfhqgi]fpmvfh_Ou!uv_skt~nkwmvfhq]ﬂÅ£i]f x u!ow¤ x fp¯9_O~v_Oqrm!s]ZgyCuvfh{Okwj©kwq x
{'Z_^.fh{Okwjés]~nots9_~vmvfh_OuO«
 _ {otquvf x _~³Z]_~n_mnZ]_®qgi]^._~nfl{kwj£~v_Auzorjpi]mvfhotqow¤µkª{#or^cs~v_Auvuvfpjp_^ªi]jpmvfhs]Zktuv_Å£o² ^.o x _Oj<¨54~'um
s~vors£oPuz_ x gy62kt_~(kwq x  i]q(7flkmvo98·:C¤¥ot~ x _mvorqkmnfporq²k§r_Oufpqªt~'kwqgi]jlkw~_#|Cs]jhoruvfpr_OuO¨§ktq x ^co x f4_ x











































































































































































®o²³_Ot_~A¨!ktu*²³_¼uvZ]o² fhqßdg_O{#mvfhotq ¨q]_rjp_A{-mnfpq]¸mnZ]_¼qotqC¡¦{#orquz_O~vkwmvfht_$mv_O~v^u{#otij x jh_Ok x
mno½i]q]sZPyCuvfh{Okwj®uvotjhiCmnfporqu¨!fhqVskt~zmnfh{i]jhkt~²!Z]_Oq {#otq£uzf x _~nfhq] fpqPmn_~v¤7kt{#_¼s]~vor]jh_^u9_#m²__qVsi]~v_
^kwmv_~nflkwjlu«
Y[Z]_[^._#mnZ]o x otjhotry²!Z]fl{'Zª²_S¤¥orjpjho²½fhqcmvZ]flu(²³or~ﬂ?a²[ktufhqrmn~vo x i£{#_ x fhq.dCkti]~n_jCkwq x t~'kwjhj 8h<*:¢«
¬¦qc{#orqrmn~nkrumµmvomvZ]_[^._#mnZ]o x u^c_OqPmvfhotq]_ x kw9ot_r¨O²_ x oqowm(q]_rjp_A{-mqotqC¡¦{#orquz_O~vkwmvfht_mn_~n^.uO«Y[Zfhu
ktjpjho²uHi£uSmnoªs~v_Auz_O~vr_!mvZ]_{otq x fpmvfhotq£uSot¤µi]q]fp¤¥ot~n^.f°my.¤¥or~s~v_Auvuvi]~n_®kwq x t_OjpoC{#fpmy.gy{#otq£umn~vi{#mvfhotq©¨
uv__dg_A{-mnfporq	«
Y[Z]_qgi]^._O~vfl{ktj^._mvZ]o x ²!Z]fh{'Z¸²_ª_O^.s]jpoy¼Z]_~n_c¤¥ot~ mvZ]_isP²!fhq x fhq]$ow¤³mvZ]_{otqgt_A{-mnfpr_ªkwq x
kr{#oriumnfh{®{#otqPmn~vfh]iCmnfporquHot¤émvZ]_ÅiC|flu x i_mvo.akwjhjpori]_#m[kwq x Tktuv_jhjhk 8 <:¢«(¬­m[fhu³ktuv_ x orqmvZ_jhoC{kwj
~n_OuvotjhiCmnfporqûow¤³mvZ]_.jhfpq]_Akw~nf7O_ x fp_O^.ktq]q s]~vor]jh_^$«ﬂY[Z]_.qgi]^._~nfh{OkwjÅiC|¼flu x _4£q]_ x ¤¥otjhjpo²!fhq]mvZ]_
 o x iq]o*un{'Z]_^._t¨£ktumvZ_s]Zgyguvfl{kwj2Å£iC|$kwm[mvZ]_fhqPmv_O~z¤7kr{#_akwjhi]_ow¤mvZ]_uvotjhiCmnfporq	ot¤mnZ]_!fh_^kwqq
































































































µ_#miu x _qowmv_.mnZ]_Pktukwq x jpfl±Pi]f x s]Z£ktuv_²!f°mnZ¸mvZ]_*uvi]un{#~nfhsCmnuFkwq x ¨µ~n_Ouvs£_A{-mvfht_Ojpyr¨ktq x mvZ]_
fhqPmv_O~z¤7kr{#_Ss£kw~'kw^._#mn_~'ué²!f°mnZﬂmnZ]_[uzi]£uv{~vfhsCmzfhqrm	'«©_m
[9_SmnZ]_³rotjhi]^._H¤¥~'kt{#mvfhotquO¨!mvZ]_^kmv_O~vflkwj
x _quvf°mnfp_Au¨ﬂmvZ_s]~n_Ounuzi]~n_OuO¨Ckwq x ﬀﬂﬁﬃ
  !
mnZ]_uvs£_A{#f4£{ mvotmnkwjµ_q]_O~vrfp_Au¤¥ot~#"$%&  «HY[Z]_
s£kw~'kw^._#mn_~'u('	kwq x*)ûx _#mn_~n^cfhq]_mvZ]_ ~n_jlk|]kmnfporq~nkwmv_OuSow¤µr_jhoC{#fpmvfh_OuSktq x s~v_Auvuvi]~n_Ouot¤©mvZ]_ s]Zkruz_Au¨


































































































































































































































































²!Z_~n_ \ kwq x
^ kw~n_ﬂ{#orquzmnkwqPm'u¨éuvs£_A{#f4£{¤¥or~_Akt{'ZûsZktuv_t«@H]or~arktu®²³_ªmnk.?t_ \









7  ] M }k«HqgyotmvZ]_O~{#otqgr_#|_O±Pikwmvfhotq	ow¤uzmnkwmv_a^k§y9_iuz_ x ¤¥or~[mvZ]_



































































































































































































































































































































































































































































































































































































































































































s~vfhq{#fhs]jh_ x i]_amno]r~nktjpj18h : =SkcÅo²¨]i]qf°¤¥or~v^ fpq$t_OjpoC{f°my*ktq x s]~n_Ounuzi]~n_t¨C^ªiuzm~v_O^.ktfpq	i]q]fp¤¥ot~n^
x i]~vfhq]fpmnu®mv_O^cs9ot~'kwj_rotjhiCmvfhotq©«¬¦qûotmvZ]_O~²³or~ x u¨£i]q x _O~mvZ_i]q]fp¤¥ot~n^.f°my${#orq x fpmvfhotqu®otqTt_OjpoC{f°my
ktq x s]~v_Auvuvi]~n_t¨Ck{#orqPmnkt{#m x fhun{#orqrmnfpqgi]fpmy^ªium9_s]~n_Ouv_~nt_ x «























































































































































































































































































































































































































Y[ZgiucmnZ]_	Åo² ~n_^ktfpquci]qf°¤¥or~v^ ²!f°mnZ ~n_Ouvs£_A{-m.mvo mnZ]_Tt_OjpoC{#fpmy½kwq x s]~n_Ounuvi]~v_	otqjpy½²!Z_q mvZ]_
qotqC¡¦{#orquz_O~vkwmvfht_mn_~n^u!kw~n_a{otquvf x _~n_ x «
 owmv_mvZ£kmcmvZ]ori]tZ fpq»mvZ]_T{kruz_ow¤k x fluv{otqPmvfhqgi]otiuﬂÅo² mnZ]_T{#jlktunuzfl{ktj x _O~vfhkmvfht_Auﬂi£uz_ x fhq
mnZ]fluuz_A{-mnfporq¸kt~v_.q]otm x _4£q]_ x ¨²_{kwq t_mmvZ]_*s]~v_A{#_ x fpq	~n_Ouvi]jpmfpq mnZ]_*uv_quv_.ow¤ x fhuzmv~nfh]iCmvfhotq£u«
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fhumvZ]_ors£_O~nkwmvot~aot¤³qgi]^._~nfh{OkwjHuvotjhiCmvfhotq ow¤mvZ_ZPygs9_~n£orjpfl{cskw~vmow¤mvZ]_uvyCumn_^ ´¢t¶#¨kwq x 
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Y[Z_Fqgi]^._~nfl{kwjaun{'Z]_^._ ´¢P¶~n_O±Pi]fh~v_AumnZ]_¸uzorjpiCmnfporq ot¤mvZ]_¸!fh_^kwqq s]~not]jh_^ﬃkwm	_Ot_~nyV{#_Ojpj
9otiq x kw~nyûkm_Akt{'Zûmnfp^._uzmv_Os©«.¬¦qFr_q]_O~nktj<¨2mnZ]_._#|]kt{#muvotjhiCmnfporqFot¤SmvZ_.uvyCumn_^ ´¢t¶fluai]q ?gq]o²!q©«
Y[Z_ x _#mv_O~v^.fhqkmnfporqFot¤SmnZ]_kwq(?Pfhq]_¡­®i]torq]fpotma{otq x f°mnfporquakwq x !fh_^kwq]q¸fhqg§kt~vflkwqPm'ufluuzmvfhjpjHktq
flunuzi]_r« * t_q.fp¤2mvZ]_Ofp~³_#|Cs]~n_Ounuzfhotqu²_~n_ ?gq]o²!q©¨mnZ]__#|]kr{-mSuvotjhiCmvfhotq.²oti]j x £_[mnoPoª{#ot^.s]jhfl{kmn_ x ¤¥ot~
{ot^.s]iCm'kmnfporqkwjPs]i]~ns£oPuz_Au¨uvo®²_SZk§r_mvo iuv_³uvot^._³kts]s]~no§|Cfp^kmn_S!fh_^kwqqﬂuzorjpr_~A«µY[Z]_[kws]s~voPkt{'Z
²!Zfh{'Z¸²_.¤¥otjhjpo² Z]_~n_fhumvZkwm x i]_mno¼akwjhjpori]_#mkwq x ûktuv_jhjhk 8 <:­«*¬¦q mvZ]fluﬂuv_O{#mvfhotq¸²_crfpr_.mvZ]_
x _Oun{#~nfpsCmnfporqot¤µmnZ]_ot~nfprfpq£kwj2^._#mvZo x ¨kwq x fpmnu[iuv_fhqmnZ]_{kruz_ ow¤mvZ_uzyCuzmv_^+´<t¶#«
ﬁ  # ﬂ 
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 _*i£uz_mnZ]_	 0d(C Lkws]s~voPkt{'ZFmvoFkr{'Z]fh_t_.mnZ]_uv_O{otq x or~ x _~A¨²!Z]fl{'Z»{otquvfhuzmnuﬂow¤!mnZ]~v_O_*uzmv_s£u¨
q£kw^._jhy
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Y[Z]__Ounuv_qPmvflkwjfluvuvi]_fluamvZ£kmmvZfhuuzmv_Os¸fhus9_~v¤¥ot~n^._ x fpq s~vfh^.f°mnfpr_ckt~vflkw]jh_OumvZ]flu_q£uzi]~n_Ou




























































































































































































































































































































































































































































































s~vor]jp_O^uktu.fhqV~v_¤¥_~n_q{_B8h<*:¢« * kt{'Z s]~not]jh_^ ²[ktuuvotjht_ x ²!fpmvZ mnZ]_Tq]_O² un{'Z]_^._ûktq x ²!fpmvZ
mnZ]_ﬂor~vfhtfhqktj©^._#mvZo x ot¤mvZ]_ª~v_¤¥_~n_q{_ﬀ8p*<:­«¬¦qû²!Zkwm¤¥otjhjpo²uO¨]mnZ]_ﬂq_² un{'Z]_^._²!fhjpj£_ª~v_¤¥_~n~v_ x
mno½ktu ) H(!og_t¨uzmnkwq x u.¤¥ot~
	&#%ﬀ
ﬃ   ( ﬃ 

fpq H~v_Oq{'Z©¨[q]owmnfporq mnkE?r_q ¤¥~not^ aktjpjhoti_#m*kwq x
ûktuv_jhjhk 8 <*:¢«HY[Z]_or~vfhtfhqktj£^._#mnZ]o x ow¤µmnZ]_~n_#¤¥_~n_q£{#_ 8p*<:©²!fpjhj©9_a~v_¤¥_~n~v_ x mvokru!  x i_amvocmvZ]_
kw~vmv_OqC¡ k|g¡­§ktqµ__O~qgi]^._~nfh{Okwj©Å£iC|¤¥iq{-mnfporqûiuv_ x mvZ_~n_t«Y[Z]_ﬂ{Okwjl{#i]jlkmnfporqu!²_~n_^k x _²!fpmvZ
mnZ]_ªuv_O{otq x ot~ x _~®kr{{i]~nkwmv_ﬂun{'Z]_O^c_ªiuvfpq]	k C Hﬁ»qgi]^ª£_O~®ot¤S]«  ]«Y[Z_ﬂqgi]^._~nfh{Okwj~v_Auzi]jpmnu²_~n_
mnZ]_q{#ot^.skt~v_ x ²!f°mnZmvZ]_ _#|]kr{-m³uvotjhiCmvfhotq.¤¥or~HmnZ]_ 4~'uzmHm²³oﬂs]~vor]jh_^uSktq x ²!f°mnZmnZ]_®_|gs9_~nfh^c_OqPmnkwj
x kmnkª¤¥or~[mvZ]_amnZ]fp~ x s]~not]jh_^$«
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ﬁ 7SK: 7ﬁ 7 K  7ﬁ 7 K  7ﬁ 7 K  7
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position of the interface
Position
Material densities
VFRoe, 100 mesh cells
HLL, 100 mesh cells  
HLL, 1000 mesh cells 
Exact solution       













position of the interface
Position
Internal energies
VFRoe, 100 mesh cells
HLL, 100 mesh cells  
HLL, 1000 mesh cells 




























²!fpmvZ	mnZ]_ )H(!og_un{'Z]_^._aot_O~ Atª^._OuvZ${_jhjhu®kw~n_ {ot^.skw~'kwjp_mvo.mnZ]_~v_Auzij°m'u[ow¤  or_~!tr













































HLL, 100 mesh cells   
HLL, 300 mesh cells   
VFRoe, 100 mesh cells 
VFRoe, 1000 mesh cells
Exact solution        















HLL, 100 mesh cells   
HLL, 300 mesh cells   
VFRoe, 100 mesh cells 
VFRoe, 1000 mesh cells






























































HLL, 100 mesh cells   
HLL, 300 mesh cells   
VFRoe, 100 mesh cells 
VFRoe, 1000 mesh cells
Exact solution        














HLL, 100 mesh cells   
HLL, 300 mesh cells   
VFRoe, 100 mesh cells 
VFRoe, 1000 mesh cells
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Exact solution        
HLL, 100 mesh cells   
VFRoe, 100 mesh cells 
HLL, 1000 mesh cells  
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flu!kruz_ x otq	mvZ]_ª{#otq£uz_O~vkmnfporq*ot¤mnZ]__Oq]_~nty*ktq x ^ktunu!ow¤mvZ]_ﬂ^cfp|gmvi]~n_t¨£kwq x otq$mnZ]__O±Piktjpfpmy*ot¤
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Marsh data            
Mixture EOS           
HLL, 100 mesh cells   
HLL, 1000 mesh cells  
VFRoe, 100 mesh cells 
VFRoe, 1000 mesh cells

























Marsh data            
Mixture EOS           




















































¬¦qûmvZ]flu®uzmvi x yt¨2²³_ﬂs]~vors£oPuz_k*uzfh^.s]jp_ª^._#mvZo x ¤¥ot~{ot^.s]~n_Ounuzfh]jh_m²ow¡­s]Zktuv_ Åo²uO«Y[Z]_ x fp¯2iuzfht_
fp_O^.ktq]quzorjpr_~iuv_ x fhq 8p*<:£Z£ktu9__Oq~v_Os]jhkr{#_ x ²!fpmvZk^.or~v_!kt{O{#i]~'kmn_[otq]_r«Y[Z]_{#ot~n~n_Ouvs£orq x fhq]
x fhun{#~n_#mnf7Akmvfhotq£u(ow¤2mvZ]_®q]otqC¡¦{#orquv_~n§kwmvfht_mv_O~v^uZ£k§t_!9__q x _t_Ojpors£_ x fpq.mnZ]_ktuz_Oq{#_!ot¤9s~v_Auvuvi]~n_
or~Sr_jhog{f°my i]^.sukmmvZ_®torjpi^c_®¤¥~nkr{-mnfporq x fluv{otqPmvfhqgi]f°myr«Y[Z_{#or^.skw~nfhuvotqot¤©qgi]^._~nfh{Okwj9~v_Auzi]jpmnu
uvZ]o²u³£_mzmn_~[~v_Auzorjpi]mvfhotq*ot¤©mvZ_®Åo² x fhun{#orqPmvfhqPif°mnfp_Au¨got]mnkwfhq]_ x gy.mvZ]_ q]_O²ßun{'Z]_^._t«Y[Z]_ ^.o x _j
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